
Let us summarize what we obtained in the previous
lecture
Let X Y be an abelian cover with group G
Then G acts on Ox and it splits Q as

direct sum of isotypic components Vx of character X
Ox g

Vx is an invertible sheaf

given qe Y and a fundamental neigh V of q for
then

Ip
JT 8 14 if gesupp D

Infgi g
t'Ha if gesupp Ankingla

where t is the local parameter of a irreducible

component TEX Tra_ to lying on Dan V and
oh hi t is the unique integer e t.xchl.ci ih

Then Oy Valy is an is ofsheaves
α α

Renale By def of TI then
Tilly 111 if gesupp D

Eh In if gesuppianllSing ID



Similarly given geokhs then

Tig
F g a if gesuppidi

Tg1 ft Aga if gesupplanilingld

Def Ly V51 so we have Ox gia LÌ
Dgigag and Lxley are talled BuildingData

of t X

Renard The cyclesof are

Guv FÈ se a global helen

section of Thy is

sx li V7 1
veyfudineigh

We can state and prove
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PardiiExistencetheore.nl
et Y be a smooth algebraic variety and
let Y be an abeliani cover ofYwith

Galoisgrep
G normal andbuildingdata KhalDs

Then for any pairs of characters X.ge G

I ly LxytgELH.FI Dg
Conversely

given
a collection of line bualles La of
labeled by the characters of G

a collection of effective DIVISORS

Dgbgeg indexed by the elements of G
with the property that the linear equations
A hold for any pair X.ge Gt then it

there exists an abelian cover Y
with Galoisgroup

G

If the cover so constructed is normal then it has

building data 42 4 0 and DsYgag

If Yis complete then the buildingdata determinethe cover up to isomorph of Galois covers



prof Let us consider the sections sx G

of Lx defined above We observe
that a global section of thx Lyhiy
a is which is a G invariant

section by construction Thus 1 lives on
and it is a section of Lyoly Lily
still by construction
Let VEY find open neigh of Y for
If does not intersect any AHED REG then

i VI 91 U V is an iso and

TÙ Fi gighe
But then

Lin 14 Iggy
EHM
811pm 94

1in L does notvanish on V

Instead assume Un An for some DUE D heG

Then up to restrict V we can say that
the loial

coordinates on V are I ya yn Da Y 0 that

IV Yang
with him U and Unser and given the

irreducible component T T'lAntnU then Te to

Il has local coordinates t ze zu chi acts locally
as It 22 Zu 1st za Zu andfinally

It Zz zu 1 t za Zn so 4ft



In this case we know

TI ghettg trita on TV and

Thy t In an 21

Thus
SIFFEY cnet.int Kin In

Instead an gu gekhs we have

tiign x ̅ g ft Iga

Yigg gtt
n ah
Ign

Then
in Len f

un rxi.gr
By definition of ri then

very ah
if ri u ti

4 O otherwise

If it is zero then 1 µ
1 doesnt

vanish
avv

Instead if it is that we have

Ituri 71 AguFan Agu
G invariant fu ition
living on 11



however y t by Construction of V so

7721 Y an V and y o is

the zero locus of An an V Thus
d'v1 Iv Dh

This holds for any ined component An ofDn
Thus all the divisors Dh with the property
that vi try ray 1h1 namely HEY 1

occurs on di YI and no others
divisors our on it This

proves

Let us assume now to have a set of line
budles 12 4 and divisors Dglgeo of Y
for which equations I hold

We consider the vector bualle VI
a dx Y

It is always possible to choose a open cover of
Y VIvey such that day trivializes

simultaneusly Lx VINCE Exipi



Thus we have local coordinates rex XEGT31GS

trivializing VILLA on T VI

For any gEG we define the action on V1 164
Mx XEG 141041 giux XEGIS 104

The local action is compatible with the change
of the chart so it extends to the entire

VI 1,4 For any gEG
let us choose GE HTY 0 1181 with

divlog Dg

Finally we define on the local chart IV

attul Lux Up ritrain 6h Uxy
We notice that from 1 7 then we can glue
these sets and obtain X Yy nF V

By Construction of then the action of G
on VI 104 extends to an action of X

Thus we have a Galois covering Ty Y
9UxXEGIIa 9

of Y with
group G



Assume is normal so the theory of norm ab covers

holds for Tix Y which has then some building data

The ram locus of tix consists of those points with
no triv stab It is easy to see from equations

that PEX has no trivial stab pesuppldivion

for seme 6h Thus D supp d'v16h11 ErediDh
where ved Dp is the reduced divisartoofDa
However normal forces Dn to be already
reduced and Ds and Dm doesn'thave caman

Components we will see this in the next lectures when we

will study the normality of a standard abelian cover

This means D FàDn
To the other side

OXIV E wir 09 v
MY

so the cocycles of the line bualles Vi are

V2

given by ga on Vinva which are by
constrition of V1 anata the cocycles of Lx
We have proved stabx and Digo are the building
data of Ty X Y
Regardness the uniqueness we discuss it below Ty
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Rey We observe that the Parolini construction

of an abelian cover from a set of line
buelles Lx bydualdivisors Dg by works in general
without any other assumption

on 42 4 and 4Dshg
Thus one can study the properties of 42 4 and 4Dog
for which the obtainedGalais con is connected smooth
normal ecc

Def Given a variety Y a finitegroup G
and a set of line buelles 42 4 and
divisors Dglgag an Y satisfying eq
above then we define the standard

abelianne it Y the cover constructed

in the proof of Pardini Ex Thun
In this case we refer to Kxhy Dgl as to the
building data of the cover and to
D Dg as the branch locus also if
is not normal



Luna Any normal abelian cover is standard
Instead not all standard abelian covers are

normal

profAssume to have a Galois covering X Y

with group
G normal andBuildingData 2 4,41

Let y be the abelian
covering with

group
G constructed as above from thxhy Dely

where we choose as sections on of AnEDn exactly the
invariant function Git Y an Y

We remind that sy TV E brey are

global sections of Lx E G Then
an isomorphism among X Y and

Y is given by

PT ITIPI DX PI GHIO

III



Tap Uniqueness of Pardini Existence Thu
Let X Y and T Y be two standard

abelian covers with group G and same building data

42 4 Dghy If Y is template then and
are isenorphis as Galois covers

and Let us prove it first
in the case is complete

and are standard ab covers with same

44 4 and LDglgeg so they are defined choosing

6g E
MI Y Dy Dgi 6g Dg

61g EH Y Oy Dyll 6 1 Dg

Thus given VEY open subset trivalizing simultaneesly
Lx E Gt we have

nt lui uxux Fri 8 7 1

nCHIVI Ixtx II 7 1

We need tofind an isomorphism of Galois covers between
and
Since g G D E 0,74 is aglobal nowhere

zero global holomorphic function of Y
Since Y is complete then constaand we can

consider forany Xect the first 1 1 root of

TTET



Then an isomorphism is

on FIV P M XEG.IS IP 7 7 XEGHI

Let us prove it is well defined namely YIP
EX

7 7 and

II 7 7 144 1 7 7 1

si II gg AMELIE 7 1

HIVEKE IGNEE
triviale fa

il venia

T.E.VEEiifY YigIgI fAxxioth
Assume now Y is not complete Then up to

restrict the trivializing open set VEY can be

supposed
to be simply connected so we can define

the 1 1 root Xxiv as above on V Then the proof
fellows with a similar argument as above

probably there could be a problem an multiplying
Ux by Xxiv Indeed if we changa the open set V

then

Xxiv and Xxiv could not be compatible
and I is

not well defined

Runar the previous Prop gives the uniqueness
part of the Pardini Ex Thun



Indeed let X Y and t X sx be two
normal abelian covers with

group
G and same

building data 42 4 0 D8 gag
Then I X Y is isom with its standard ab

cover Tst XIX whichhas buildingdata dxhy Dgbg
via the sections 6g of Dg
and the same holds for T X and TftXst
whose isomorphism is given by sections

6g of Dg
However Ist and ist have the same 4x4 and
LD so by the prov Prop are isomorphic by
an isomorphism Pst Xst s't Thus
14 posto 1 is an is

I
12 44
Xst x ̅ si

Remarks The number is
very easy

to compute

for an elementary abelian p group GIAP
Indeed all the elements of G and G have
the same order p so orfep 1 is the

Unique integer sit 1h1 e eh

For instance forbice ec 7 GECE.es Vii 3

L



Example Y P yo 4 ya G 2 22 4 es

De 40 01 Dea 14 0 De e 142 0

Can we construct a 2 22 cover of IP
with branch locus De Dea Perez

We need to determine if they exists line
bundles 4 4 such that Pardini equations held
We can try to find then using

PardiniEquations

24 4 S ie
s

De DeneE2H

I we need to choose Le Opa MI
Pil 2 hasnottorsion

Similarly 242 0 sferaDg Dea Dette 2M

Le Opa H

Instead 24 14 0 t.fiePg D Dea 2M

LE E Opa M

MELE La Leiter Éherianuris Dg Ls se Deiter 2H

M e La e Le De E 2H 2H Lei later Le De 2H

Thus α e La LENEEOy MI and De DeeDee H

satisfy Pardini Equations Galois Covering
of IP with group G 2 22 and b data 42 4 Dilg
This abelian cover is that of Example 4 ofthe 1ˢLteatu










